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Abstract

Anharmonicity plays a crucial role in determining the band profile and
position of the interstellar Polycyclic Aromatic Hydrocarbons. Here we
modeled the infrared spectrum of pyrene (C16H10) using ab initio simu-
lations. We used our new AnharmoniCaOs code to describe the detailed
structures of hot band transitions up to moderately high temperatures
(600K), using Monte Carlo sampling of the states but beyond that due to
high computational cost it is difficult to extend such fancy calculation up
to very high temperature relevant for astrophysics. IR spectra of C16H10

beyond 600K was calculated using Density functional based tight binding
molecular dynamics simulation. A gradual red shift of the band position
and increasing band width is observed with increasing the temperature.
The band positions at different temperatures were fitted with a linear re-
gression and the anharmonicity factors were retrieved from the linear fits.
Theoretical anharmonicity factors were compared to the recent laboratory
results and previous gas phase analysis.

1 Introduction

Polycyclic Aromatic Hydrocarbons (PAHs) are a family of organic compounds
composed of aromatic rings containing carbon atoms, and whose peripheral
bonds are saturated by hydrogen atoms. PAHs (or closely related species) are
thought to be the carriers of the so-called Aromatic Infrared Bands (AIBs)
at ∼3.3, 6.7, 7.7, 8.6, 11.3 µm [15, 1]. These features are among the strongest
emission features observed in the interstellar medium [26], therefore the infrared
(IR) spectroscopy of PAHs is of paramount importance in astrophysics. PAHs
absorb starlight in the visible and ultraviolet domain via electronic transitions

∗INAF - Osservatorio Astronomico di Cagliari
†Institut de Recherche en Astrophysique et Planétologie, Université de Toulouse
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and re-emit most of this energy in the mid-IR in a vibrational de-excitation
cascade. In such model PAHs should emit most of the flux in the AIBs from
highly vibrationally excited states corresponding to a thermal temperature of
the order of ∼1000 K [9].

Each AIB results from the superposition of the emission of molecules at dif-
ferent temperatures, each of which being the superposition of a large number
of individual vibrational transitions from a statistical distribution of excited
states. Due to anharmonicity, each of these states is expected to have a shifted
position with respect to the corresponding 1-0 fundamental transition. Fun-
damental transitions are also shifted with respect to their frequencies in the
harmonic approximation. Including anharmonicity in AIB models is therefore
crucial if one wants to account for the observed band positions and profiles and
to link them to the physics of the process of emission.

We developed and implemented a code [20] which implements the general-
ized second-order vibrational perturbation theory (GVPT2) [10, 17, 3, 21] to
compute anharmonic vibrational spectra from any arbitrary vibrational state of
a given molecule. This code can be very naturally used to obtain a Monte Carlo
sampling of the vibrational states using the Wang-Landau approach, enabling us
to obtain temperature dependent spectra at finite, non-zero temperatures. We
tested its behaviour benchmarking its calculations of the 0 K spectrum against
both experimental measurements for some small-medium PAHs and very high-
level VMFCI calculations for a smaller species, namely ethylene oxyde, then
with experimental spectra of two PAHs, namely Pyrene (C16H10) and Coronene
(C24H12).

2 Computational method

We made use of the Van Vleck approach to perturbation theory applied to
molecular vibrations [25, 23, 18, 24]. In this method, one applies a contact
transformation to the Hamiltonian, represented in an expansion of infinitesi-
mal contact transformations. Each order of the infinitesimal contact transfor-
mation, and thus each individual infinitesimal contact transformation in the
expansion, is determined by the condition that non-diagonal terms of the trans-
formed hamiltonian be negligible up to that order. Therefore, the 1st order
contact transformation will leave non-diagonal terms of 2nd or higher order, the
2nd order contact transformation will leave non-diagonal terms of 3rd or higher
order, and so on. The diagonal terms of the transformed Hamiltonian therefore
yield the energies of the states corrected up to the order of the transformation
used. One can also apply the same transformation to operators other than the
Hamiltonian, such as e. g. the electric dipole moment, and thus obtain them
correct to the same order. All the gory algebraic details can be found in the ref-
erences given above. A simple recap can also be found in our paper [19]. Since
this is, at the core, one of the formal ways to apply the Perturbation Theory, it
suffers of the same problems: if there are degeneracies, exact or approximate,
in the states one applies the method to, this results in divergent terms. The
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solution is to identify the terms, in the perturbed Hamiltonian, which couple
such degenerate states, i. e. resonances, and remove them from the Van Vleck
treatment. These terms are not removed by the contact transformation, and one
is left with a block-diagonal effective Hamiltonian, which must be numerically
diagonalised to obtain eigenstates end eigenvalues. Since the resulting complete
blocks to diagonalise can easily become prohibitively large, one has to find a
simple and effective way to truncate them without unacceptably affecting the
accuracy. We implemented, to this effect, a “cost model”.

1. We start from the zero order (harmonic) states describing the starting
state of the molecule and the states connected to it by permitted transi-
tions, each of them is the first member of a set of states which we subse-
quently call a polyad. Each of these states is initially assigned a “credit”
of 1.

2. We run a loop over resonances. Each resonance can add states to each
polyad, the ones connected to it by that resonance. To each resonance
we attach a “cost”, directly proportional to the energy difference between
the near-degenerate states it connects and inversely proportional to the
Hamiltonian term involved in the resonance. Thus, strong resonances are
less expensive than weak ones. Added states are assigned the credit of the
state, already in the polyad, they connect to, minus the cost. Only states
with a positive credit are added to a polyad. If two polyads try to add
the same additional state, they are merged in a single polyad.

3. This addition-merging cycle is iterated until no more states are added.

Each resulting polyad is associated to a block in the effective Hamiltonian. Its
diagonalisation yields the correct (up to the given perturbative order) energies as
eigenstates, and the corresponding eigenstates described as a linear combination
of the harmonic states included in the polyad.

A typical run of the code thus proceeds through three steps:

1. initialisation of the data, reading hamiltonian terms, selection of which
terms are to be considered resonances, construction of the infinitesimal
contact transformations, construction of the transformed operators (cur-
rently the Hamiltonian and the electric dipole);

2. for each (harmonic) “starting state” in a list, defined by the number of
quanta in each normal vibrational mode, build the polyads to be solved;

3. for each “starting state” processed in the previous step, actually diago-
nalise the effective Hamiltonian blocks, thus determining the states and
their energies; compute all permitted transitions from the (diagonalised)
starting state, build discretised spectra averaging the results according to
the energy of the starting state, following the Wang-Landau scheme to
uniformly sample energies.
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Figure 1: Schematic algorithm of polyad definition

Tunable parameters enable the user to define thresholds for which terms are to
be considered resonances and which not. Considering more terms as resonances
increases the accuracy of the calculation as well as its cost. Other tunable pa-
rameters define the truncation criteria for polyads. Again, including more states
in a polyad makes the calculation more accurate but also more expensive. The
first step above only has to be performed once for each given molecule and set
of parameters. It has not been parallelised, but even for very large molecules
and aggressive parameters it only takes a few hours to complete on a single
core. It could in principle be parallelised, but it is not worth the effort. The
second step is also not parallel, but requires fairly little resources both in terms
of memory (∼1 Gbyte) and computational power (a few minutes on a single
core per starting state). It could be parallelised, but it would be fairly difficult
and error-prone, involving complicated syncronisations among MPI processes.
Again, in the end it is not worth the effort. Instead, the first two steps have
been split from the third one, so that they can be run separately on single-core
jobs.
The third step is the really heavy one: for big enough molecules, having many
resonances, even moderate choices for the tunable parameters result in having
to diagonalise matrices which can easily be of the order of 100000×100000. This
step has been parallelised, both in the building of the matrices and in diago-
nalising them. The code implements three different eigensolvers, which can be
chosen at run time by the user. The first one is provided by the SLEPc library
[13, 14, 12, 22], which offers a number of iterative solvers for sparse eigenprob-
lems. Indeed, especially for large polyads, the eigenproblems are very sparse,
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with at most a few tens of non-zero elements per row (or column) of the matrix
to be diagonalised. Also, only a relatively small subset of the eigensolutions are
required, namely enough to cover the vector subspace of the starting states with
good enough accuracy. As an indication, for a polyad with 100000 states one
may need at most a few hundred eigensolutions, since they are the only ones in-
volved in significantly intense transitions. However, unfortunately, all currently
available algorithms for the iterative solving of sparse eigenproblems select the
solutions based on the eigenvalues, while we need to select them based on the
eigenvectors themselves (maximising the projection on the subspace of starting
states). As a result, while SLEPc is very convenient from the point of view
of memory efficiency, it is not competitive in terms of the computational effort
required to obtain all the needed eigensolutions, since one gets them randomly
mixed with unneeded ones. One ends up having to obtain all, or almost all,
eigenvectors, and in this case direct eigensolvers are much more efficient than
iterative ones.
We therefore also developed support in the code for more standard eigensolvers
of dense matrices, using either the ScaLAPACK [4] or the ELPA [2, 16] libraries.
Some care is needed to make sure that long integers are used to index matrix
elements, since default integers would overflow when indexing elements in ma-
trices larger than 32768×32768. The drawback of using standard solvers is that
they need enough memory to accomodate the whole matrix being diagonalised,
i. e. N2

pol × sizeof(double), and not only non-zero elements, as well as for all
eigenvectors (same space as for the matrix) and some work space.

3 Tests and validation

To assess the accuracy of the code, and specifically of the Van Vleck approach
to generalised vibrational 2nd level perturbation theory (GVPT2), we ran a
battery of calculations using as starting state the ground state of Ethylene
Oxyde, Pyrene, and Coronene. In the first case, the molecule is small enough to
make it tractable also with much more advanced (and expensive) computational
techniques. We therefore obtained from P. Cassam-Chenäı a very accurate cal-
culation performed using the Vibrational Mean Field Configuration Interaction
(VMFCI) method [7, 6] using exactly the same quartic force field Hamiltonian
as we used with AnharmoniCaOs. This enabled us to obtain some insight on
how to tune the parameters of AnharmoniCaOs to get the desired accuracy.
In the case of Pyrene and Coronene, instead, a VMFCI calculation would be
prohibitively expensive, but we have experimental spectra available, and could
compare with them. On the one hand, this enables us to assess the overall ac-
curacy of our calculations, on the other hand we cannot distinguish whether the
limiting factor is in our GVPT2 implementation or, instead, in the underlying
quartic force field Hamiltonian, which we had previously computed using the
Density Functional Theory at the B97-1/TZ2P level of theory [11, 27]. More-
over, Pyrene and Coronene are PAHs, hence belong to the class of molecules
we want to actually study. As such, they have a large number of clustered vi-
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brational frequencies, e. g. all aromatic C-H stretches around 3000 cm−1, all
out of plane bends around 800 cm−1, and so on, which result in numerous close
resonances and, consequently, in big polyads which merge in even bigger ones.

The results of these tests and validation were recently published on the
Journal of Chemical Physics [19]. As an example, Figure 2 shows results for
different calculations of the C-H stretch bands of pyrene computed in absorption
at T=0K for varying values of the tunable parameter r acting as a threshold
for resonance detection. Calculations performed with a smaller r include more
and more resonances. As a result, one can see that even at 0K the spectrum
goes from the relatively crude approximation with only the few IR-active fun-
damentals to a rich structure with several tens of combination bands activated
by the many resonances. Comparison with experiment shows that, surprisingly,
the spectrum with r = 0.1 is the closest one to laboratory data. This is unex-
pected, since from the theoretical point of view the calculation should become
more and more accurate (at the price of increasing computational cost) when
more and more resonances are included. This is likely the consequence of the
inaccuracy of the quartic force field Hamiltonian we used, resulting from a DFT
calculation, and of an accidental cancellation of (small) errors. In any case, the
results appear to be extremely accurate, for an ab initio calculation.

Figure 3 shows the ratio of anharmonic versus harmonic frequencies of com-
puted transitions, again for varying values of r, and compares them with the
empyrical scaling factors [5] commonly adopted to match experimental band
positions with harmonic vibrational analyses at the DFT level we used. Again,
the agreement is excellent.

4 High temperature calculations for Pyrene

After validating our code, we proceeded to run a large number of calculations
(about ten thousands of individual starting states foreseen) to obtain an ade-
quate Monte Carlo sampling of the spectrum of Pyrene as a function of vibra-
tional energy. The temperature-dependent spectrum can be obtained from this
by means of a numerical Laplace transform. We were unfortunately unable to
complete our calculations within the first B-class project, therefore we applied
for a second one. We do have, however, some preliminary results. On the basis
of our validation work, we decided to use a very conservative value r = 0.3 for
the resonance detection parameter, to minimise the computational costs and
make the Monte Carlo sampling feasible. We had determined that overall band
positions were already quite accurate with r = 3, and detailed band structures
would be lost anyway with increasing temperature. Figures 4 and 5 show the
computed evolution of band profiles for increasing temperatures. The overall
effect, in agreement with experiments, is a progressive broadening of the bands,
and of a slight shift to the red of the position of the peak.
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Figure 2: Evolution of the C-H stretch bands of Pyrene computed in absorption
at T=0K for varying values of the threshold parameter for resonance detection
r. From bottom to top an increasing number of resonances is included.
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Figure 3: Ratios of the anharmonic vs. harmonic frequencies of computed
transitions, for varying values of the resonance detection parameter r. Magenta
squares are for r = 0.3, green ones for r = 0.2, red ones for r = 0.1, blue ones
for r = 0.05. The overlaid lines represent the scaling factors for C-H stretches
(dotted) and for all other bands (dashed). Red lines are empyrical scaling factors
[5], namely 0.966 for C-H stretches and 0.982 for all the other bands, blue lines
mark scaling factors obtained from our best anharmonic calculation for pyrene.
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Figure 4: C-H stretch bands of Pyrene, all computed with resonance detection
parameter r = 0.3

Figure 5: Out of plane C-H bend bands of Pyrene, all computed with resonance
detection parameter r = 0.3
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5 Discussion and Conclusions

Our preliminary results show that our approach can quantitatively account for
the dependence of positions and profiles of PAH infrared bands on vibrational
temperature. We were hindered, in our progress, by the lack of eigensolvers
tailored to our problem. Indeed, we have to find a relatively small subset of
the eigensolutions of very sparse, but rather large, real symmetric matrices.
However, none of the available iterative eigensolvers for sparse matrices en-
ables to selectively find the solutions we want, since these are determined by a
condition of eigenvectors and not on eigenvalues. It was therefore much more
efficient (or less inefficient) to use standard direct algorithms, like e. g. the
Relatively Robust Representations [8], as implemented in well-tested libraries
like ScaLAPACK or the relatively new ELPA. On Marconi we could use the
optimised version of ScaLAPACK provided by the Intel Math Kernel Library
(MKL), which enabled us to use both MPI across nodes and multithreading
within a node for maximum efficiency. Nonetheless, as far as pure performance
is involved, ELPA outperformed the MKL when it worked properly: it is faster
and requires far less memory, since MKL needs quite some work space for each
thread, which is dynamically allocated at runtime and not predictable before-
hand. Indeed, a few job runs involving large polyads crashed just because at
some point the MKL tried to allocate far more memory than we had estimated
would be necessary. Unfortunately, in a number of apparently random (but
reproducible) cases ELPA either failed gracefully (e.g. returning only eigenval-
ues but no eigenvectors, and issuing an error) or hung in an apparently endless
internal loop. ScaLAPACK offers two functions suitable for our needs, namely
pdsyevr() and pdsyevx(), the latter available only in the latest ScaLAPACK
releases. While pdsyevr() sometimes failed gracefully to produce eigenvectors,
pdsyevx() always returned complete, correct results in all our tests and subse-
quent production runs, except for the aforementioned cases in which the MKL
crashed trying to allocate unavailable memory. We therefore settled for using
pdsyevx() as a default.
We already published a first paper [19], validating our method, we are now in
the process of finishing our runs, using our second, follow-up class B project, to
produce our fully theoretical temperature-dependent spectra of a PAH, which
will be submitted for publication within one or two months.
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